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Exceptional Extended Dual Polar Spaces
A. A. IVANOV
We address the classification problem of flag-transitive geometries with diagrams of the form
1
 c
s

t

t
   
t

t

where the leftmost edge symbolizes the geometry of vertices and edges of a complete graph on s C 2
vertices and the residue of an element of the leftmost type is a finite thick classical dual polar space.
These geometries are known as extended dual polar spaces. An extended dual polar space is called
affine if it possesses a flag-transitive automorphism group which contains a normal subgroup acting
regularly on the set of elements of the leftmost type. For a dual polar space D with three points
per line there exists a unique 2-simply connected affine extension A.D/ of D. We show that a flag-
transitive extended dual polar space is either a quotient of A.D/ for some D or isomorphic to one
of 19 exceptional geometries whose full automorphism groups are isomorphic respectively to Sym8,
U4.2/:2, Sp6.2/2, Sp6.2/, 3 U4.3/:22, U4.3/:22, U5.2/:2, McL :2, H S:2, Suz:2, Sp8.2/, 3 Fi22:2,
Fi22:2, Co2  2, Co2, Fi24 (s D 4, t D 2), Fi24 (s D t D 3), F1 and Fi23.
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1. INTRODUCTION
Concerning diagram geometries we basically follow the terminology of [21]. A geometry G
of rank at least three is said to be an extended dual polar space (EDPS for short) if it has a
diagram of the form
1
 c
s

t

t
   
t

t

and the residue resG.x/ of an element x of the leftmost type is a finite thick classical polar
space. We will always assume that the types on the diagram increase rightwards from 1 to
the rank of G. An EDPS G is said to be flag-transitive if there is an automorphism group G
of G which is transitive on the set of maximal flags in G. A flag-transitive EDPS whose full
automorphism group is G will be denoted by G.G/. Sometimes we will write Gs;t .G/ in order
to specify the parameters s and t from the diagram.
Let QG and G be EDPSs. A surjective mapping  : QG ! G is said to be a covering (resp.
a 2-covering) of G if for every flag Q8 in QG (resp. for every flag of corank 2) the restriction
of  to res QG. Q8/ is an isomorphism onto resG. . Q8//. In this case QG is called a cover (resp.
a 2-cover) of G and G is called a quotient of QG. A geometry every covering of which (resp.
2-covering) is an isomorphism is called simply connected (resp. 2-simply connected ). It must
be clear that for geometries of rank 3 ‘covering’ and ‘2-covering’ mean the same.
An EDPS G is called affine if there is a flag-transitive automorphism group G of G and a
normal subgroup T in G such that T acts regularly on the set of elements of type 1 in G. In
this case T is called the translation group of G with respect to G. The following result was
established in [10].
THEOREM 1. Let G be an affine EDPS, let x1 be an element of type 1 in G and let D D
resG.x1/. Then
(i) s D 2 which means that every line of D contains three points;
(ii) there is a 2-covering QG ! G where QG is 2-simply connected and affine;
(iii) the translation group of QG with respect to its full automorphism group is the universal
representation group of D;
(iv) for every flag-transitive automorphism group D of D there is a flag-transitive automor-
phism group of QG in which the stabilizer of an element of type 1 is isomorphic to D.
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TABLE 1.
The diagrams The groups
1
 c
2

2
 Sym8, U4.2/:2
1
 c
2

4
 Sp6.2/ 2, Sp6.2/
1
 c
4

2
 3 U4.3/:22, U4.3/:22
1
 c
3

3
 U5.2/:2
1
 c
3

9
 McL :2
1
 c
9

3
 H S:2, Suz:2
1
 c
2

2

2
 Sp8.2/, 3  Fi22:2, Fi22:2
1
 c
2

4

4
 Co2  2, Co2
1
 c
4

2

2
 Fi24
1
 c
3

3

3
 Fi24
1
 c
9

3

3
 F1
1
 c
2

2

2

2
 Fi23
Recall that for a geometry with three points on every line the universal representation group
is the group generated by involutions indexed by points and subject to the relations that for
every line the product of the corresponding three generators is the identity element. Thus [10]
reduces the classification of affine EDPSs to the study of the universal representation groups
of classical dual polar spaces with three points on every line.
The main result of the present paper is the following theorem (recall that the Borel subgroup
is the stabilizer of a maximal flag).
THEOREM 2. Let G be an EDPS whose rank is greater than or equal to 3 and which possesses
a flag-transitive automorphism group whose Borel subgroup is finite. Then one of the following
holds:
(i) G is isomorphic to one of the 19 exceptional EDPSs whose diagrams and full automor-
phism groups are given in Table 1;
(ii) there is a 2-covering QG ! G where QG is affine.
Notice that the universal covers of the geometries G.Sp6.2//, G.U4.3/:22/ and G.Fi22:2/
are, respectively, G.Sp6.2/  2/, G.3  U4.3/:22/ and G.3  Fi22:2/. All other geometries in
Table 1 are simply connected including G.Co2/ for which G.Co22/ is the universal 2-cover.
Let G be an EDPS of rank n  3. Throughout the paper m will always denote the rank of G
minus one, so that n D m C 1. The elements of type 1, 2 and 3 will also be called vertices,
edges and cliques, respectively. Let 8 D fx1; x2; : : : ; xng be a maximal flag in G where xi is
of type i . For 1  i  n let res−G .xi / and resCG .xi / denote the residues in G of flags of typefi; : : : ; ng and f1; : : : ; ig which contain xi . Since G has a string diagram, these two residues are
independent of the particular choice of the flags and contain the elements incident to xi of type
less than and greater than i , respectively. Let G be a flag-transitive automorphism group of G.
Then Gi D G.xi / denote the stabilizer of xi in G (known as a maximal parabolic subgroup).
For J  f1; 2; : : : ; ng let G J denote the stabilizer in G of the flag 9 D fxi j i 2 J g; NG J be the
action induced by G J on resG.9/ and K J be the kernel of this action. We will always write
Gi jk::: instead of Gfi; j;k;:::g. For 1  i  n and " 2 f−;Cg let NG"i denote the action induced
by Gi on res"G.xi /. Let  denote the characteristic of the field over which resG.x1/ is defined
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(that is of GF.t/). The prime  will be called the characteristic of G. For G J as above we
put RJ D O .G J /.
In many cases it is convenient to study an EDPS G via its graph 0.G/ whose vertices are
the elements of type 1 and two vertices are adjacent if there is an element of type 2 incident to
both of them. It can be shown (cf. [10]) that if G is flag-transitive then every element of type 2
is uniquely determined by the pair of elements of type 1 it is incident to. Let us associate
with every element x 2 G a subgraph 0[x] in 0.G/ defined as follows. If x is of type 1
then 0[x] consists of x and has no edges; if the type of x is greater than 1 then 0[x] is the
subgraph formed by the vertices and edges (elements of type 1 and 2) incident to x . Then G
is isomorphic to the incidence system of the subgraphs 0[x] with the incidence relation given
by inclusion. Notice that for an element x of type 3 the subgraph 0[x] is a clique of size sC2
and this explains our terminology.
Let S be a geometry one of whose types is called ‘points’ and some other type is called
‘lines’. Let P and L denote the point set and the line set of S and suppose that every line
is incident to exactly t C 1 points where t is a prime power. Let V be a GF.t/-vector space
and ’ be a mapping from P [ L into the set of subspaces in V such that dim’.p/ D 1 for
p 2 P; dim’.l/ D 2 for l 2 L and suppose that ’.P[L/ is not contained in a proper subspace
of V . Then ’ is said to be a representation of (the point–line incidence system associated
with) S if whenever l is a line and fpi j 1  i  t C 1g is the set of points incident to l
then f’.pi / j 1  i  t C 1g is the set of one-dimensional subspaces in ’.l/. Let H be an
automorphism group of S. Then ’ is said to be H -admissible if there is a homomorphism 
of H into the group of projective semilinear transformations of V , such that for every h 2 H
and x 2 P [ L we have ’.xh/ D .’.x//.h/. If H is the full automorphism group of S then ’
is called admissible.
Our strategy in the proof of Theorem 2 is strongly influenced by the methods and results
from [25].
2. PROCEEDING WORK
The flag-transitive EDPSs of rank 3 have been classified in [4, 8, 26, 28].
PROPOSITION 2.1. There are exactly 13 flag-transitive EDPSs of rank 3: the geometries
in Table 1 having rank 3 and three affine geometries whose full automorphism groups are
24 : Sp4.2/, 25 : Sp4.2/ and 26 : O−6 .2/.
Rank-4 EDPSs possessing flag-transitive automorphism groups with a trivial kernel at a
vertex (i.e. with K1 D 1) were studied in [30] where the following two propositions were
proved.
PROPOSITION 2.2. Let G be a flag-transitive EDPS of rank n  4. Then
(i) res−G .x4/ is not isomorphic to G.McL :2/;
(ii) res−G .x4/ is not isomorphic to G.H S:2/;
(iii) if res−G .x4/ D G.Sym8/ then NG−4 D Sym8.
PROPOSITION 2.3. Let G be an EDPS of rank 4 possessing a flag-transitive automorphism
group G such that K1 D 1. Then either
(i) G is one of the following three geometries:
G.Sp8.2//; G.Co2  2/; G.Co2/I or
(ii) the universal 2-cover of G coincides with that of an affine geometry with the automorphism
group 21C20 : U6.2/ : Sym3.
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It is proved in [10] that the universal 2-cover of G.21C20 : U6.2/ : Sym3/ is affine with the
automorphism group of the shape [223] : U6.2/ : Sym3. Thus the situation in Proposition 2.3(ii)
corresponds to Theorem 2(ii).
The following two statements were established in [11].
PROPOSITION 2.4. The geometry G2;4.Fi24/ is simply connected.
PROPOSITION 2.5. Let G be a flag-transitive EDPS of rank n  4 such that res−G .x4/ DG.U4.2/:2/. Then G is one of the following three geometries:
G.3  Fi22:2/; G.Fi22:2/; G.Fi23/:
Notice that G.Fi22:2/ is the residue in G.Fi23/ of an element of type 5; it possesses two
flag-transitive automorphism groups Fi22:2 and Fi22 and K1 6D 1 in both cases.
In [16] the geometry G3;3.Fi24/ was characterized by its diagram (including the indexes)
with use of an unpublished pushing up result by U. Meierfrankenfeld. A self-contained proof
of the following statement is given in [16].
PROPOSITION 2.6. Let G be an EDPS of rank 4 and G be a flag-transitive automorphism
group of G such that O2.G1/ D 37:7.3/. Then G D G3;3.Fi24/.
The latest result is the following one established in [13].
PROPOSITION 2.7. The geometry G.F1/ is simply connected.
The geometries G.25 : Sp4.2//, G.Sym8/ and G.U4.2/:2/ appear on complements of hyper-
planes in the polar space of Sp6.2/ (notice that Sym8 D OC6 .2/ and U4.2/:2 D O−6 .2/). The
geometry G.Sp6.2/ 2/ appears on the complement of a hyperplane in the polar space of the
group O−8 .2/. Other EDPSs in Table 1 of rank 3 are best understood in terms of graphs which
are locally generalized quadrangles (cf. [2, 4, 5, 22, 26, 27]). The geometries G.Co2  2/ and
G.Co2/ were introduced in [23]. The geometry G.Sp8.2// appears on the complement of a
hyperplane in a building of the group F4.2/ [27]. The geometries G2;4.Fi24/ and G.Fi22:2/
were mentioned in [30]. These two geometries along with G.3  Fi22:2/ and G.Fi23/ were
described in [11]. The geometry G.F1/ and its subgeometry G3;3.Fi24/ were discovered in [3]
and independently in [24]. The relationship between G.F1/ and the 2-local geometry of the
Monster is discussed in [12].
3. PRELIMINARIES
In this section we summarize the results we will use in the proof of Theorem 2.
3.1. Dual polar spaces. In this section we state a few standard results about classical dual
polar spaces and their automorphism groups.
Let X be one of the following groups: Sp2m.t/, 2mC1.t/, −2mC2.t/, U2m.t
1
2 / or U2mC1.t
1
2 /.
Then the polar and dual polar spaces of rank m associated with X will be denoted by P.X/
and D.X/, respectively. The elements of both P.X/ and D.X/ are the subspaces in the
natural module of X which are totally singular with respect to the form preserved by X
and the incidence relation is by inclusion. The only difference is that points, lines, planes,
. . . and hyperplanes in P.X/ are one-, two-, three-, . . . and m-dimensional subspaces while
in D.X/ they are m, m − 1, m − 2, . . . and one-dimensional subspaces, respectively. It
is well known that P.5.t// D D.Sp4.t//; P.−6 .t// D D.U4.t
1
2 // and if t is even, then
D.2mC1.t// D D.Sp2m.t//. For the remainder of the section  will denote the characteristic
of GF.t/.
By Proposition 2.1 and standard information about flag-transitive automorphism groups of
classical dual polar spaces (cf. Chapter 9 in [21]) we have the following.
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TABLE 2.
X O2.X .p/=O .X .p/// O .X .p//=X1.p/ X1.p/
Sp2m.2/ Lm.2/ 2m 2m.m−1/=2
U2m.2/ Lm.4/ 2m
2 1
−2mC2.2/ Lm.2/ 3 2m ⊗ 22 2m.m−1/=2
2mC1.3/ SLm.3/ 3m 3m.m−1/=2
−2mC2.3/ SLm.3/ 3
m ⊗ 32 3m.m−1/=2
LEMMA 3.1. Let G be an EDPS of rank mC1  4 and G be a flag-transitive automorphism
group of G. Then
(i) resG.x1/ D D.X/ where X 2 fSp2m.2/;U2m.2/;−2mC2.2/;2mC1.3/;−2mC2.3/g;(ii) X  NG1  Aut X .
With X and D D D.X/ as in Lemma 3.1 let 1 be the collinearity graph of D that is a graph
on the point set of D in which two points are adjacent if there is a line incident to both of
them. For a point p of D and 0  i  m let 1i .p/ denote the set of vertices whose distance
from p in 1 is i . It is well known [2] that X acts distance-transitively on 1 and that for every
q 2 12.p/ there is a unique plane (a quad) in D incident to both p and q.
For X  D  Aut X let D.p/ be the stabilizer of p in D. Let Di .p/ denote the elementwise
stabilizer in D.p/ of all the vertices whose distance from p is at most i .
LEMMA 3.2. In the above notation the following assertions hold:
(i) D2.p/ D 1 and D1.p/  O .D.p//;
(ii) O .D.p// acts regularly on 1m.p/, in particular D.p/ splits over O .D.p//;
(iii) ifD D D.Sp2m.2// orD D D.U2m.2// then O .D.p// is a quotient of the permutational
GF.2/-module of D.p/=O .D.p// acting on the set of lines incident to p.
A more detailed information on the structure of D.p/ when D D X and X , one of the
groups from Lemma 3.1, is given in Table 2. In this table m denotes the natural module of
SLm./ and m.m−1/=2 denotes the exterior square of the natural module, while 2m
2 denotes
the Lm.4/-module of Hermitian forms in an m-dimensional GF.4/-space. Notice that if D is
an extension of X by outer automorphisms then O .D.p// D O .X .p//.
LEMMA 3.3. LetD D D.X/ where X is as in Lemma 3.1, X  D  Aut X , V be the natural
module of X , h be a hyperplane in D (that is a one-dimensional totally singular subspace in V ),
D.h/ be the stabilizer of h in D and L be the kernel of the action of D.h/ on resD.h/. Then
(i) 1 < h < h? < V is the unique composition series of V as a module for D.h/;
(ii) if  D 2 then L D O2.D.h//, if  D 3 then jL=O3.D.h//j D 2 and an involution from
L n O3.D.h// acts fixed-point freely both on h?=h and on O3.D.h//;
(iii) O .D.h// acts faithfully on the set of hyperplanes in D incident with h to a common
element of type m − 1 unless X D Sp2m.2/ in which case the action has kernel of
order 2;
(iv) if X 6D U2m.2/ then both h?=h and [O .D.h//; D.h/] are isomorphic to the natural mod-
ule of D.h/=O .D.h//, moreover [O .D.h//; D.h/] D O .D.h// unless X D Sp2m.2/
in which case the index is 2.
The following result is well known and easy to prove (cf. [29] for the case  D 3).
LEMMA 3.4. In the notation of Lemma 3.3 suppose that X 6D U2m.2/. Let W be a GF./-
vector space which supports a D-admissible representation of P.X/. Then either W D V or
X D Sp2m.2/ and W is the .2m C 1/-dimensional orthogonal module.
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TABLE 3.
G H jH1.x/j
G.Sym8/ Sym8 2
G.U4.2/:2/ U4.2/:2 2
G.U4.3/:22/ U4.3/:22 or U4.3/:.22/122 2
G.3 U4.3/:22/ 3 U4.3/:22 or 3 U4.3/:.22/122 2
G.U5.2/:2/ U5.2/ or U5.2/:2 3
G.Suz:2/ Suz or Suz:2 3
3.2. The rank 3 EDPSs. In this subsection we discuss some properties of non-affine flag-
transitive EDPSs of rank 3. Notice that H S:2 is the only flag-transitive automorphism group
of G.H S:2/ and if G.G/ is a non-affine flag-transitive EDPS of rank 3 other than G.H S:2/
then H  G is flag-transitive iff H contains O2.G/.
Let G D G.G/ be a non-affine flag-transitive EDPS of rank 3, H  G be a flag-transitive
automorphism group of G and 0 D 0.G/ be the graph of G. For x 2 0 let H1.x/ be the largest
subgroup in H which stabilizes x and every vertex adjacent to x in 0. For the following
lemma compare Table 1 in [30].
LEMMA 3.5. In the above notation suppose that H1.x/ 6D 1. Then the pair .G; H/ is given
in Table 3. Moreover, H1.x/ acts fixed point-freely on the set of vertices at distance 2 from x
in 0.
REMARK. The full automorphism group G of G.3 U4.3/:22/ in the notation of [7] is of the
form 3 U4.3/:.22/122. If Gi is the stabilizer in G of an element of type i then
G1 D U4.2/ : 2 2; G3 D 25: Sym6;
and O2.G3/ is an indecomposable module for G3=O2.G3/. There are three subgroups H1,
H 2 and H3 with index 2 in G. If H ji is the stabilizer in H j of an element of type i then
H11 D U4.2/ : 2; H13 D 24: Sym6I
H21 D U4.2/ 2; H23 D 25:Alt6I
H31 D U4.2/ : 2; H33 D 24: Sym6 :
Here H 1 D 3  U4.3/:21, H2 D H3 D 3  U4.3/:22. The subgroups H2 and H3 are not
conjugated in G. In Table 3 and throughout the paper 3  U4.3/:22 and U4.3/:22 denote H2
and H2=O3.H2/, respectively.
With an EDPS G of rank n one can associate a point–line incidence system whose points
are the elements of type n (the rightmost type on the diagram), whose lines are the elements
of type n − 1 and the incidence relation is as in G. Then every line is incident to t C 1
points and we can talk about representations of G in vector spaces over GF.t/. If G is flag-
transitive of rank 3 then all such representations which are H -admissible for a flag-transitive
automorphism group H of G are classified in [29]. For our current purposes we are interested
in such representations for the four geometries at the foot of Table 3 and this information is
summarized in the following two lemmas.
LEMMA 3.6. Let G D G.G/ where G D U4.3/:22 or 3 U4.3/:22 and V be a GF.2/-vector
space which supports an O2.G/-admissible representation of G. Then
(i) if G D U4.3/:22 then dim V 2 f20; 21g;
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(ii) if G D 3 U4.3/:22 then dim V 2 f12; 20; 21; 32; 33g;
(iii) if dim V D 12 then V is uniquely determined as a module for G, O3.G/ acts fixed-point
freely on V and O2.G/ preserves a unique GF.2/-quadratic form on V .
Notice that the module V in Lemma 3.6 (iii) is the restriction to G  3  U6.2/:2 of the
natural GF.4/-unitary module of the latter group and the invariant quadratic form comes from
the unitary form.
LEMMA 3.7. Let G D G.G/ where G D U5.2/:2 or Suz:2 and V be a GF.3/-vector space
which supports an O2.G/-admissible representation of G. Then in both cases V is uniquely
determined, it is O2.G/-irreducible and dim V D 10 and 12 for G D U5.2/:2 and Suz:2,
respectively.
We will make use of some more delicate properties of the geometry G D G.3  U4.3/:22/
and its automorphism groups. Let G D 3  U4.3/:22 or 3  U4.3/:.22/122 and OG D G=O3.G/.
Then OG acts flag-transitively on OG D G.U4.3/:22/. Let 8 D fxi j 1  i  4g be a maximal
flag in G and O8 D f Oxi j 1  i  4g be the image of 8 in OG. Let A D fGi j 1  i  4g be the
amalgam of maximal parabolics in G and OA D f OGi j 1  i  4g be the image of A in OG so
that OGi is the stabilizer of Oxi in OG.
The group OG acts flag-transitively on a geometry OK which is an almost building with the
following diagram (cf. [19]):
2

2

2

The elements of type 1 and 2 in OK are the cliques and edges from OG with the natural incidence
relation. An element Oz3 of type 3 in OK can be identified with the 30-vertex subset O.Oz3/ of
vertices of OG incident in OG to the edges (elements of type 2 in OK) incident to Oz3. Then the
incidence relation in OK is via inclusion. Let O9 D fOz1; Oz2; Oz3g be a maximal flag in OK so that
Oz1 D Ox3, Oz2 D Ox2. The geometry OK possesses a polarity  which preserves O9 as a whole and
which normalizes O2. OG/. Hence the stabilizer OL of Oz3 in OG is the normalizer in OG of the
image under  of OG3 \ O2. OG/.
Let OX be the subgeometry in OK formed by the elements of type 1 and 2 (edges and cliques
of OG) which are incident to Ox1. The diagram of G immediately implies that OX D D.U4.2//. It
is clear that the image OY of OX under  is a subgeometry isomorphic to OX containing elements
of type 2 and 3.
Let K be the geometry whose elements of type 1 and 2 are the cliques and edges in G and
the elements of type 3 are the images under G of the full preimage  in G of the set O.Oz3/.
The incidence relation is via symmetric inclusion. Then the stabilizer L in G of an element of
type 3 is the full preimage of OL in G. It is known (compare [11]) that L=O2.L/ D 3  Sym6
(a non-split extension). This shows that K belongs to the following diagram:
2
 
2

2

and the residue of an element of type 3 is the rank-2 tilde geometry.
Let X and Y be connected components of the full preimages in K of the subgeometries OX
and OY , respectively. Since D.U4.2// does not possess a flag-transitive triple cover we have
X D Y D D.U4.2//. We summarize the above in the following.
LEMMA 3.8. In the above notation the following assertions hold:
(i) L=O2.L/ D 3  Sym6 (a non-split extension);(ii) L acting on the vertex-set of G has an orbit  of length 90;
(iii) O2.L/ has 45 orbits of length 2 in  and every such orbit is an edge in 0.G/;
(iv) exactly 45 cliques are contained in ;
(v) let T be the geometry whose elements are the orbits of O2.L/ and the cliques of G con-
tained in  with the incidence relation via inclusion; then T is the rank 2 tilde geometry
and L=O2.L/ induces its full automorphism group;
(vi) the subgeometry Y in K is isomorphic to D.U4.2//.
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3.3. Modules and cohomologies. We start this subsection by the following.
LEMMA 3.9. Let D be a group, W be an irreducible GF.2/-module of D and let H1 D
H 1.D;W / denote the corresponding first cohomology group. Then
(i) if D D SLm.2/, m  3 and W is the natural module, then H1 is trivial unless m D 3 in
which case it is of order 2;
(ii) if D D SLm.2/, m  3 and W is the exterior square of the natural module, then H1 is
trivial unless m D 3 or 4 in which case it is of order 2;
(iii) if D D Lm.4/, m  3 and W is the space of Hermitian forms on the natural module of
D, then H1 is trivial unless m D 3 in which case it is of order 4.
PROOF. Since (i) and (ii) are given in [18], we concentrate on (iii). Let A and B be the
sets of points and hyperplanes in the natural module of D so that jAj D jBj D .4m − 1/=3 and
D induces two non-equivalent doubly transitive actions on A and B. Let P.A/ and P.B/ be
the corresponding GF.2/-permutational modules of D. Then P.A/ D P.A/e  P.A/1 where
P.A/e is the subspace of even functions and P.A/1 is the subspace of constant functions.
Similar decomposition holds for P.B/. Then W is the unique faithful irreducible quotient
of P.B/ and the dual W  of W is the unique faithful irreducible quotient of P.A/. By
the standard principle H1 is non-trivial if and only if there exists a GF.2/-module V of D
which contains W as a codimension 1 submodule and W is not a direct summand of V .
Suppose that H1 is non-trivial and that such V exists. Then the dual V  of V contains a one-
dimensional submodule U such that V =U D W  and U is not a direct summand of V .
Let us identify A with the generating set of vectors in W  and let OA be the full preimage of A
in V . Since the stabilizer in D of an element of A does not contain subgroups of index 2,
under the action of D the set OA splits into two orbits OA1 and OA2 and each of these orbits maps
bijectively onto A. Since V  does not contain a copy of W  as a submodule, OAi generates
the whole V  for i D 1 and 2. This shows that V  is a quotient of P.A/. Let Q be the
submodule in P.A/ such that P.A/=Q D W . Thus we have shown that if H1 is non-trivial
then Q contains a submodule Q1 of codimension 1 such that P.A/=Q1 does not split into
a direct sum. We claim that for m  4 there is no such Q1. The proof is by induction. If
m D 4 then D D L4.4/ contains a Singer cycle of order 255 which acts regularly on A. Hence
P.A/ has only one one-dimensional chief factor which can easily be identified with P.A/1.
Suppose that m  5. The Cayley graph of W  with respect to A is the Hermitian form, graph
Her.m; 4/. Let 6 be the Cayley graph on V  D P.A/=Q1 with respect to OA1. Then 6 is
a connected 2-cover of Her.m; 4/. By the induction hypothesis the preimage in 6 of every
subgraph Her.m − 1; 4/ in Her.m; 4/ consists of two copies of Her.m − 1; 4/. In [1] in the
context of antipodal covers of distance-regular graphs it was shown that the fundamental group
of Her.m; 4/ is generated by the cycles contained in Her.m−1; 4/-subgraphs. This shows that
H1 D 1 for m  4.
If m D 3 then P.A/e as a module for PGL3.4/ is uniserial with the following composition
series:
0 < V1 < V2 < V3 D P.A/e
where V1 D W , V2=V1 is a faithful two-dimensional module for PGL3.4/=L3.4/ D Z3 and
V3=V2 D W . This implies the result. 2
In the notation of Lemma 3.9 if jH1.D;W /j D 2 then the semidirect product W : D possesses
an ‘exceptional’ outer automorphism which permutes the two classes of complements to W .
Such semidirect products appear as sections in parabolic subgroups G12 in groups G acting
flag-transitively on certain EDPSs. The exceptional automorphisms are realized inside the
parabolic subgroups G2. In this sense the non-triviality of H1.L3.2/; 23/, H1.L4.2/; 26/ and
H 1.L3.4/; 29/ are related, respectively to G.Sp8.2//, G.Fi23/ and G.Co2  2/.
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Let W12 be the 12-dimensional Todd module for Mat24. Then W12 is a quotient of the GF.2/-
permutational module of the natural 5-transitive action of Mat24; it is non-decomposable and
contains an irreducible submodule W11 of dimension 11. The points, lines and planes of the
tilde geometry G.Mat24/ of Mat24 are one-, two- and three-dimensional subspaces in W11
normalized by Sylow 2-subgroups of Mat24. In particular W11 supports a representation of
G.Mat24/. The following result was established in [14].
LEMMA 3.10. The universal representation group of G.Mat24/ is isomorphic to W11, in
particular it is abelian.
It is well known that the first cohomology group of W11 has order 2 and by a standard
principle this implies the following.
LEMMA 3.11. The module W12 is the only 12-dimensional non-decomposable module for
Mat24 which contains W11 as a submodule.
Let T5 and T 5 be pairwise dual five-dimensional GF.3/-modules for Mat11, such that the
orbits on the non-zero vectors are of lengths 22 and 220 in T5 and of lengths 110 and 132
in T 5 . The following result was checked by Derek Holt on a computer.
LEMMA 3.12. H1.Mat11; T5/ is trivial and H1.Mat11; T 5 / is one-dimensional.
Let F1 D 3  5.3/ and F2 D 34: Sym5 be subgroups in H D U5.2/ and let 3 D H=F1.
Then F2 acting on 3 has a unique orbit of length 5 which we denote by 32. Moreover, O3.F2/
fixes 32 elementwise and F2=O3.F2/ D Sym5 induces on 32 the natural action. Let W be the
GF.3/-permutational module of H acting on 3 and fwi j 1  i  jH=F1jg be the permutational
basis of W . Let v D Pi232 wi . The following result was established by Klaus Lux using
GAP and MeatAxe computer packages.
LEMMA 3.13. The vector v is not contained in any proper H -submodule of W .
3.4. Pushing up. In [20] finite groups M satisfying the following conditions were studied
(here OM D M=O2.M/, NM D OM=8. OM/ with 8. OM/ being the Frattini subgroup of OM):
(1) if S is a Sylow 2-subgroup of M then no non-trivial characteristic subgroup of S is
normal in M ;
(2) O2. NM/ is a minimal normal subgroup of NM ;
(3) if NL is a minimal normal subgroup of O2. NM/ then
NL 2 f"2n.2k/; n  4I Un.2k/; n  4I Altn; n  5; n 6D 8I Sp2n.2k/0I G2.2k/0gI
(4) O20.M/ D 1.
A very restrictive list of possibilities for the structure of M was given in [20]. For our
current purposes we need the following special case of this result.
PROPOSITION 3.14. Let M be a finite group which satisfies (1), (2), (4) above and suppose
that
O2. NM/ 2 fSp2m.2/;m  3I−2mC2.2/;m  3g:
Put V D O2.M/, QV D V=Z.M/ and suppose that V 6D 1. Then one of the following holds:
(i) NM D Sp2m.2/, QV is the natural symplectic module of NM;
(ii) NM D Sp6.2/, V=Z.V / is an irreducible GF.2/-module for NM of dimension 8, [Z.V /;M]
is the natural seven-dimensional orthogonal module for NM ,8.V /  Z.M/ and j8.V /j D
2;
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(iii) O2. NM/ D −2mC2.2/ and V is the natural orthogonal module for NM .
REMARK. It follows from an intermediate result (1.5a) in [20] that in case (i) V is abelian
and the order of Z.M/ is at most 2. Moreover, if jZ.M/j D 2 then V is the seven-dimensional
orthogonal module. An additional argument kindly provided by U. Meierfrankenfeld (private
communication) shows that in case (ii) V=Z.M/ is non-decomposable and has a unique proper
quotient which has dimension 8.
3.5. A geometry for Fi24. Let H D Fi24 and 1 be the transposition graph of H . This means
that the vertex-set of 1 is the conjugacy class of 3-transpositions in H with two transpositions
adjacent if they commute. Maximal cliques in 1 have size 24. Let 4 be a maximal clique
in 1 and M be its setwise stabilizer in H . Then M D 212 Mat24 and M preserves on 4 a
structure S.4/ of the Steiner system S.5; 8; 24/. If 41 and 42 are two maximal cliques in 1
then j41 \42j  8 and if the intersection is of size 8 then 41 \42 is an octad both in S.41/
and S.42/. Let H D H.Fi24/ be the geometry whose elements are the maximal cliques in
1; elements of type 2 are 8-vertex complete subgraphs contained in more than one maximal
clique; elements of type 3 are all 4-vertex complete subgraphs in 1. The incidence relation is
via inclusion. Then H belongs to the following diagram:
2

4
 S.5; 8; 24/
.84/−1

Thus the residue in H of an element of type 1 is the geometry of octads and 4-element subsets
of points in S.5; 8; 24/ while the residue of an element of type 3 is isomorphic to D.U4.2//.
The following characterization of H.Fi24/ was established in [11], Proposition 3.1.
LEMMA 3.15. Let F be a geometry of rank 3 whose diagram is as of H.Fi24/. Suppose
that F possesses a flag-transitive automorphism group F such that the stabilizer in F of an
element y of type 1 induces Mat24 on resF .y/ and the kernel of the action is elementary abelian
isomorphic either to the Todd module W12 or to its irreducible submodule W11. Then one of the
following holds:
(i) F D H.Fi24/ and F D Fi24 or F D Fi 024;(ii) F is a triple cover of H.Fi24/ and F D 3  Fi24 or F D 3  Fi 024.
4. AMALGAMS OF MAXIMAL PARABOLICS
In this section we start proving Theorem 2. Let G be an EDPS of rank n and G be a
flag-transitive automorphism group of G. In view of Propositions 2.1, 2.2, 2.3 and 2.5 we can
assume the following.
HYPOTHESIS 4.1. The following conditions hold:
(i) m  3;
(ii) if m D 3 then K1 6D 1;
(iii) res−G .x4/ D G.H/ where H =2 fU4.2/:2; McL :2; H S:2g;
(iv) if res−G .x4/ D G.Sym8/, then NG−4 D Sym8;(v) the Borel subgroup \niD1 Gi is finite.
Let A D fGi j 1  i  ng be the amalgam of maximal parabolic subgroups associated with
the action of G on G. Then G is a completion of A which means that G contains A and
is generated by the elements of A (the generation property is implied by the connectivity of
G). Let G.A;G/ be the geometry whose elements of type i are the right cosets of Gi in G
and two cosets are incident if their intersection is non-empty. Then G.A;G/ is canonically
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isomorphic to G. Let U .A/ be the universal completion of A, so that every other completion
is a factor group of U .A/. Then G.A;U .A// is the universal cover of G. Hence in view
of Propositions 2.4, 2.6 and 2.7 to prove Theorem 2 it is sufficient to show that unless G is
2-covered by an affine EDPS, A is isomorphic to the amalgam of maximal parabolic subgroups
associated with a flag-transitive action on a geometry from Table 1. Moreover, G is 2-covered
by an affine EDPS iff the amalgam B D fGi j j 1  i < j  ng of rank 2 parabolics is
isomorphic to such an amalgam coming from a flag-transitive action on a 2-simply connected
affine EDPS. One can observe that B is contained in and uniquely determined by the rank
3 amalgam C D fG1;G2;G3g. By Theorem 1 if s D 2 then for every flag-transitive auto-
morphism group H of resG.x1/ there is a flag-transitive automorphism group F of a 2-simply
connected affine EDPS such that the stabilizer in F of an element of type 1 is isomorphic
to H . Thus in order to prove Theorem 2 it is sufficient to establish the following.
PROPOSITION 4.2. Suppose that G and G satisfy Hypothesis 4.1. Then one of the following
holds:
(i) the amalgam A of maximal parabolic subgroups is isomorphic to such amalgam corre-
sponding to a flag-transitive action on G2;4.Fi24/, G3;3.Fi24/ or G.F1/;
(ii) s D 2, K1 D 1 and the isomorphism type of C D fG1;G2;G3g is uniquely determined by
the isomorphism type of G1.
In the remainder of the section we discuss some properties of maximal parabolic subgroups
in the case K1 6D 1 .
Let us first focus our attention on the structure of K1 itself. It is easy to see that K1 coincides
with the elementwise stabilizer in G of the set fx1g[0.x1/ where 0 D 0.G/ is the graph of G.
LEMMA 4.3. Suppose that K1 is non-trivial. Then
(i) K1 is a  -group where  is the characteristic of G and K1 D R1;
(ii) resG.x1/ is not isomorphic to D.U2m.2//;
(iii) the pair .res−G .x4/; NG−4 / corresponds to a row in Table 3;
(iv) there is a factor group NK1 of K1 which is elementary abelian and the stabilizer in G1 of
a plane in D stabilizes a hyperplane in NK1.
PROOF. Let y be a vertex from 0.x1/ and K y1 be the action induced by K1 on 0.y/. Since 0
is connected and G1 acts transitively on 0.x1/, it is easy to see that K y1 is non-trivial provided
K1 is non-trivial. Let Dy D resG.y/, 1y be the collinearity graph of Dy whose vertex-set will
be identified with 0.y/ and let Dy be the action induced by G.y/ on 0.y/ so that K y1  Dy .
Then x1 is a vertex of 1y and every vertex of 1y adjacent to x1 is fixed by K1. Hence
K y1  Dy1 .x1/ and K y1 is a  -group by Lemma 3.2(i). Since O .D/ D 1, (i) follows. This and
Table 2 imply (ii). Also by Lemma 3.2(i) K y1 acts faithfully on 1
y
2.x1/ and hence there must
be a vertex z 2 1y2.x1/ which is not fixed by K1. Since z is at distance 2 from x1 in 1y , there
is a quad  in Dy which contains both x1 and z. We can identify  with the corresponding
element of type 4 incident to x1. Since  is incident to x1 we can assume without loss of
generality that  D x4. Then K1 fixes x1 as well as every vertex in 0[x4] \ 0.x1/. Since
z 2 0[x4] and z is not fixed by K1, (iii) follows from Lemma 3.5. Define NK1 to be the action
induced by K1 on the union of the subgraphs 0[] for all elements  of type 4 incident to x1.
The action induced by K1 on every such 0[] is of order  (compare Table 3) and hence (iv)
follows. 2
Let us turn to the structure of Gn . By Lemma 4.3(i) we have K1 D R1. Consider the
elementwise stabilizer L in G1 of all the edges incident to both x1 and xn . Then L=K1 is the
pointwise stabilizer in NG1 of the hyperplane xn . Since K1 D R1, the kernel of the action of
Kn on 0.x1/ is a  -group and by Lemma 3.3(ii) we have the following.
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LEMMA 4.4. Suppose that K1 6D 1. If  D 2 then Kn D Rn; if  D 3 then Kn=Rn is of
order 2.
Let N denote the set of elements of type n in G such that z 2 N if and only if there is an
element of type n − 1 which is incident to both xn and z. Let NRn denote the action induced
by Rn on N . We will see below that if NRn is non-trivial, it is an elementary abelian  -
group. Considering NRn as a GF./-vectors space let NRn denote the dual space. For a subgroup
(subspace) NP in NRn let NP denote the corresponding subspace in NRn . For an element y from
resG.xn/ let NRn[y] denote the elementwise stabilizer in NRn of all the elements from N which
are incident to y. Let  be the mapping from the set of elements of type n − 1 and n − 2 in
resG.xn/ into the set of subspaces of NRn defined by the following rule:
 : y 7! NRn[y]:
LEMMA 4.5.
Suppose that n  4, K1 6D 1 and that NRn is non-trivial. Then
(i) NRn is an elementary abelian  -group;
(ii)  determines a NGn-admissible representation of resG.xn/.
PROOF. It follows from basic properties of classical dual polar spaces that for 1  i  n−2
LiC1.t/  NGCn−i  P0LiC1.t/
and NGCn−i induces the natural doubly transitive action on the set of elements of type n incident
to xn−i . Notice that since K1 6D 1, by Lemma 4.3(ii) t D  is either 2 or 3. It is clear that Rn
is normal in Gnn−i and that it is contained in O .Gnn−i /. Let Ai denote the action induced
by Gnn−i on the set of elements of type n incident to xn−i . Since NRn is non-trivial the image
of Rn in A1 is non-trivial as well. On the other hand O .A1/ is of order  . This means
that NRn is a  -group and that NRn is generated by 1-dimensional subspaces (not necessary
different) indexed by the elements of type n− 1 in resG.xn/. Furthermore, O .A2/ is of order
2 and it is acted on irreducibly by A2=O .A2/. Hence the image of Rn in A2 coincides
with O .A2/. Finally, for every subgroup B of order  in O .A2/ there is a unique element
y of type n − 1 incident to both xn−2 and xn such that B is the elementwise stabilizer in
O .A2/ of the elements of type n incident to y. Now (ii) follows directly from the definition
of representations of geometries. 2
5. EDPSS OF CHARACTERISTIC 2
In this section we prove Theorem 2 (or rather Proposition 4.2) for EDPSs of characteristic 2.
We start by the following.
LEMMA 5.1.
For G and G satisfying Hypothesis 4.1 suppose that  D 2 and K1 6D 1. Put D D resG.x1/.
Then n D 4 and one of the following holds:
(i) D D D.Sp6.2//, K1 is elementary abelian of order 27 or 26, isomorphic to the orthogonal
module or to the natural symplectic module of NG1 D Sp6.2/;
(ii) D D D.−8 .2//, K1 is elementary abelian of order 28 isomorphic to the natural orthog-
onal module of O2. NG1/ D −8 .2/.
PROOF. We are going to apply Proposition 3.14 for M D G1 and V D K1. First of all
G1 is finite since both the Borel subgroup and D are finite. By Lemma 4.3 O20.M/ D 1
and O2. NG1/ 2 fSp2m.2/; m  3I −2mC2.2/; m  3g. Let g 2 G2 n G12. Then g2 2 G1,
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G2 D hG12; gi and hence G D hG1; gi. Since G is of characteristic 2, G12 contains a Sylow
2-subgroup S of G1. Without loss of generality we can assume that S is normalized by g.
Let N be a characteristic subgroup in S which is normal in G1. Then N is normalized by G1
and g and hence it is normalized by the whole G. Thus N fixes a vertex and is normal in a
flag-transitive automorphism group G of G. Hence N D 1 and we can apply Proposition 3.14.
Let L be the stabilizer in G1 of a plane from D. By Lemma 4.3(iv) there is an elementary
abelian factor group NK1 of K1 such that L stabilizes a hyperplane in NK1. It is well known and
easy to check that in the case NG1 D Sp6.2/ the subgroup L does not stabilize a hyperplane
in the eight-dimensional irreducible module of NG1. In the natural modules of Sp2m.2/ or
−2mC2.2/ the subgroup L stabilizes a hyperplane if and only if m D 3. 2
5.1. Exclusion the G.Sym8/-residue. In this subsection we prove the following
PROPOSITION 5.2. If G satisfies Hypothesis 4.1 then res−G .x4/ is not isomorphic to G.Sym8/.
PROOF. Suppose to the contrary that G is an EDPS of rank 4 possessing a flag-transitive
automorphism group G such that Hypothesis 4.1 is satisfied and resG.x4/ D G.Sym8/. Then
K1 6D 1, NG4 D Sym8 and resG.x1/ D D.Sp6.2//. By Lemma 5.1 jK1j D 2a , where a D 6 or 7
and K1=Z.G1/ is the natural symplectic module of NG1 D Sp6.2/. By Table 2 O2.G12=K1/
has order 26 and contains two faithful chief factors of G2=R2 D L3.2/, each of dimension
3. By standard properties of the natural symplectic module of Sp6.2/ we observe that K1
contains two faithful chief factors of G2=R2, each of dimension 3. Finally it is clear thatNG2 D 2 L3.2/ and we have the following.
LEMMA 5.3. The order of R2 is 2b where b D aC7, i.e. b D 13 or 14; there are four faithful
three-dimensional chief factors of G2=R2 D L3.2/ inside R2 and at most two one-dimensional
factors.
Let us define a graph structure on the set of edges of G in which two edges are adjacent if
they are incident to a common clique but not to a common vertex. Let 2 denote the connected
component of this graph containing x2. Since s D 2 the cliques are of size 4 and every clique
containing x2 contains exactly one edge adjacent to x2 in 2.
There is a easy combinatorial description of G D G.Sym8/. Let  be a set of size 8. Then
the vertices of G are the partitions of  into two subsets of size 2 and 6; the edges are the
partitions into three subsets of size 2, 2 and 4 while the cliques are the partitions into four
subsets of size 2 each. Two elements of G are incident if one of the corresponding partitions
refines the other one.
LEMMA 5.4. The graph 2 is isomorphic to the point–plane incidence graph of a three-
dimensional projective GF.2/-space PG.3; 2/. If G[2] is the setwise stabilizer of 2 in G and
H is the action induced by G[2] on 2 then H is the full automorphism group of 2 isomorphic
to Aut L4.2/ D Sym8.
PROOF. It follows directly from the diagram of G that x2 is in seven cliques and hence the
valency of 2 is 7. The subgroup G2 induces the natural action of L3.2/ on the set of cliques
containing x2 and hence also on the set 2.x2/ of edges adjacent to x2 in 2. Hence there
is a GF.2/-projective plane structure 5 defined on 2.x2/ and acted on flag-transitively by
G2. By our assumption resG.x4/ D G.Sym8/ and it is easy to deduce from the combinatorial
description of the latter geometry given before the lemma, that the subgraph 6 in 2 formed
by the edges contained in 0[x4] is the complete bipartite graph K3;3. Namely, if  is the
8-element set in terms of which G.Sym8/ is defined then there is a partition of  into two
4-element subsets 11 and 12 such that the vertices of 6 are all the partitions of  into three
subsets 31, 32 and 33 such that j31j D 2j32j D 2j33j D 4 and 31 D 1i for i D 1 or 2.
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We claim that there is an element g 2 G which stabilizes x2 and every edge adjacent to x2 in
2 but does not stabilize all edges in 2. For this purpose consider a non-trivial element Ng 2 NG1
which stabilizes x2 and every edge adjacent to x2 in the collinearity graph of D D resG.x1/
(compare Table 2). Let g be a preimage of Ng in G1. Then clearly g fixes x2 [ 2.x2/
elementwise. On the other hand there is a quad  in D containing x1 such that g acts non-
trivially on the set of points in D which are incident to . Without loss of generality we can
assume that  D resG.fx1; x4g/. Now it is easy to deduce from the structure of G.Sym8/ that
g acts non-trivially on 6.
Let H be as defined in the claim of the lemma. Since G is edge-transitive, H acts transitively
on the set of edges in 2. By the above the stabilizer of x2 in H induces on 2.x2/ the natural
doubly transitive action of L3.2/ and the kernel of the action is non-trivial. Since 2 contains
a cycle of length 4, by the main result of [6] unless 2 and H are as stated, 2 is the complete
bipartite graph K7;7. In the latter case, since G.x2/ acts doubly transitively on 2.x2/, it must
act transitively on the set of six edges at distance 2 from x2 in 2. Since G2=R2 D L3.2/
(where R2 D O2.G2/), this is impossible. 2
Let G1[2] denote the kernel of the action of G[2] on 2, so that G[2]=G1[2] D Aut L4.2/
by Lemma 5.4. Let G2[2] be the elementwise stabilizer in G of all the vertices which are
incident to edges from 2. Clearly G2[2] is normal in G1[2] and W .2/ :D G1[2]=G2[2] is
an elementary abelian 2-group. Let W .2/ denote the module dual to W .2/.
Let S be the point–line incidence system whose points are the points and planes of PG.3; 2/
so that a triple of such points form a line if they are of the same type in PG.3; 2/ and are
incident to common line of PG.3; 2/.
LEMMA 5.5. In the above notation the following assertions hold:
(i) G2[2] 6D G1[2], i.e. W .2/ is non-trivial;
(ii) W .2/ is an admissible representation module of S;
(iii) the only admissible representation module of S is the direct sum U U where U is the
natural module of L4.2/ D O2.AutS/.
PROOF. By Lemma 5.4 the image of G.x2/ in G[2]=G1[2] is a maximal parabolic subgroup
of the form 23:L3.2/ in L4.2/, in particular it has no subgroups of index 2. Since G.x2/
permutes the pair of vertices incident to x2, we conclude that (i) holds. For every edge e in
2 the subgroup G1[2] induces an action of order 2 on the pair of vertices incidence to e.
Hence W .2/ is generated by 30 involutions we, one for every edge in 2. As above let 6
be the subgraph in 2 induced on the set of edges contained in 0[x4]. Then 6.x2/ is a line
in S and it is easy to see from the description of 6 given in the proof of Lemma 5.4 that
hwe j e 2 6.x2/i has order 4. Thus (ii) follows. Finally (iii) is quite straightforward. 2
PROOF (OF PROPOSITION 5.2 (CONT.)). By Lemma 5.4 the image of R2 in G[2]=G1[2]
is of order 23, by Lemma 5.5 G1[2]=G2[2] has order 28 and hence (compare Lemma 5.3)
G2[2] is of order 22 or 23. This means that all chief factors of O2.G[2]=G1[2]/ D L4.2/
inside G2[2] are trivial. In this case G2=R2 has only three faithful chief factors inside R2.
Since this is in a contradiction with Lemma 5.3 the result follows. 2
5.2. A characterization of G2;4.Fi24/. The geometry G2;4.Fi24/ possesses exactly two flag-
transitive automorphism groups: Fi24 and its index two commutator subgroup Fi 024. The goal
of this subsection is to prove the following.
PROPOSITION 5.6. Assuming Hypothesis 4.1 suppose that  D 2 and K1 6D 1. Then G D
G2;4.Fi24/.
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PROOF. By Lemma 5.1 and Proposition 5.2 we can assume that n D 4, resG.x1/ D D.−8 .2//
and resG.x4/ is either G.U4.3/:22/ or G.3 U4.3/:22/. The proof will be achieved in a number
of lemmas.
LEMMA 5.7. In the hypothesis of Proposition 5.6 we have the following:
(i) resG.x4/ D G.3 U4.3/:22/;
(ii) NG4 D 3 U4.3/:.22/122 or NG4 D 3 U4.3/:22;
(iii) NR4 is 12-dimensional NG4-irreducible and R4 is extraspecial of order 213.
PROOF. By Lemma 5.1 K1 is of order 28. Let L be the elementwise stabilizer in G14 of
the edges incident to both x1 and x4. It is clear that K1  L and by Lemma 3.3 the image
of L in NG1 is of order 26. By Lemma 4.3(iii) and Table 3 the action induced by L on 0[x4]
has order 2. Hence jR4j D 213. By Lemma 3.3(iii) L induces an action of order 26 on the set
of elements of type 4 which are incident to x1 and also incident with x4 to a common element
of type 3. Since the index of R4 in L is only 2, we conclude that NR4 6D 1. By Lemma 4.5NR4 is a NG4-admissible representation module of resG.x4/. Since the latter residue is either
G.U4.3/:22/ or G.3  U4.3/:22/, by Lemma 3.6 and the order reason we obtain (i). Since
K1 6D 1 (ii) follows from Table 3. Let h be the one-dimensional subspace in K1 normalized
by G14. By Lemma 3.3 the kernel of the action of K1 on 0[x4] is h? and h is in the center
of R4. In view of (i) we conclude that h is the kernel of the homomorphism of R4 onto NR4.
Since NR4 is irreducible and R4 is non-abelian, (iii) follows. 2
Our next goal is to reconstruct in G a subgroup M such that M=O2.M/ D Mat24 and O2.M/
is either the Todd module W12 or its irreducible submodule W11. If G D Fi24 or Fi 024 then M
is the stabilizer of a maximal clique in the transposition graph.
It follows from Table 2 that O2.G2=R2/ D L3.2/  Z3 and hence up to conjugacy there
is a unique subgroup M2 of index 3 in G2. Since every element of G2 induces an inner
automorphism on its L3.2/-composition factor, we have M2=O2.M2/ D L3.2/.
LEMMA 5.8. Let 3 D 0[x3]n0[x2] (i.e. 3 is the set of vertices incident to x3 but not to x2).
Then M2 \ G3 induces D8 on 3, so that it preserves a unique partition of 3 into two pairs.
PROOF. Since NG−3 D Sym6 or Alt6, G23 induces Sym4 on 3. Since jG2=M2j D 3 the
action under consideration contains D8 and all we have to show is that it cannot be the whole
Sym4. Let 9 be the set of pairs .y; e/ where y is a clique incident to x2 and e is a partition of
0[y] n0[x2] into two pairs. Since G2 acts transitively on 9 and j9j D 21, R2 is in the kernel
of the action. On the other hand by Lemma 3.2 T :D O2.G2=P2/ D L3.2/ Z3 acts faithfully
on 9. Let Y be the stabilizer in T of x3 and X be the kernel of the action of Y on the set
of elements in 9 whose first coordinate is x3. Then Y D Sym4Z3 with O3.Y / D O3.T /.
Since T acts faithfully on 9, we have X D Sym4. Hence O2.M2=R2/ has two orbits on 9 of
length 7 each and the result follows. 2
Let f be the partition of 0[x3] into three pairs such that 0[x2] is one of the pairs and f
is stabilized by M2 \ G3. Define M3 to be the stabilizer in G3 of the partition f . Then
M3=O2.M3/ D Sym3 Sym3 and M3 contains M2 \ M3 with index 3. Finally, let M4 be the
full preimage in G4 of the subgroup L of NG4 as in Lemma 3.8. We assume that the orbit 
of length 90 of L on 0[x4] contains 0[x3] and that the set of orbits of O2.L/ on  contains
the pairs forming the partition f . It follows from the properties of the geometry K discussed
before Lemma 3.8 that these conditions specify L uniquely. It also follows from Lemma 3.8
that M4=O2.M4/ D 3 Sym6 and that M4 contains both M2 \M4 and M3 \M4 with index 45.
LEMMA 5.9. Let M be the subgroup in G generated by M2, M3 and M4. Let N be the
largest subgroup in M2 \ M3 \ M4 normal in Mi for i D 2, 3 and 4. Let N0 be the normal
closure to h in M . Then
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(i) M=N D Mat24 and M4=N D 26:3  Sym6 is the stabilizer of a sextet;
(ii) N0  N and N0 is isomorphic to the 11-dimensional irreducible submodule in the Todd
module of M=N ;
(iii) either N D N0 or N is isomorphic to the Todd module W12.
PROOF. Let M be the geometry of rank 3 whose elements of type i are the cosets of Mi
in M for i D 2, 3 and 4. As usual two cosets are incident if their intersection is non-empty.
Then the structure of Mi=O2.Mi / and the indexes jMi=.Mi \ M j /j specified above show that
M is a tilde geometry of rank 3, i.e. that it has the following diagram:
2
 
2

2

By the construction M acts flag-transitively on M and N is the kernel of the action. By the
main result of [9] M=N is one of the following groups:
Mat24; He; 37  Sp6.2/
and hence in any case the order of N divides 213. Since Z acts fixed point-freely on NR4, it is
easy to observe that the natural mapping of M=N into Out N is injective. It is well known and
easy to check that neither He nor 37  Sp6.2/ has a faithful GF.2/-representation of dimension
13 or less. Hence (i) follows.
Since M4=O2.M4/ acts fixed point-freely on O2.M4/=N while h is central in M4, we con-
clude that N0 is contained in N . From Lemma 3.3 it is easy to see that h is contained in R1
and that it is singular with respect to the orthogonal form on R1 preserved by G1=R1. Let I be
the set of images of h under conjugation by the elements from G12. It follows from the basic
properties of G and G that jI j D 7, I generates in R1 a maximal totally singular subspace U
and U is the natural module for O2.G2=O2;3.G2// D O2.M2=O2.M2// D L3.2/. This implies
the following: if y1 D x4, y2, y3 are the elements of type 4 incident to x3 and hi is the center
of the stabilizer of yi in G, then h1h2h3 D 1. Since fh1; h2; h3g is the set of all conjugates of
h under M3, we conclude that N0 is a representation group of M. By Lemma 3.10 N0 is the
irreducible submodule W11 in the Todd module and (ii) follows. Suppose that N 6D N0. Then
by (ii), Lemma 5.7 and the order reason jN=N0j D 2. By the proof of (ii) N0 is in the center
of N which immediately implies that N is abelian. It is easy to see (compare Remark after
Table 3) that x4 is the only central involution in M4. Hence N is non-decomposable and (iii)
follows from Lemma 3.11. 2
Our next intention is to reconstruct in G a subgroup corresponding to the stabilizer in Fi24
or Fi 024 of an 8-vertex complete subgraph in the transposition graph.
Define 4 to be a graph on the set of edges in G in which two distinct edges y and z are
adjacent if there is an element u of type 4 adjacent to them both, such that y and z are in the
same orbit of O2;3.G.u//. In other words two edges incident to u are adjacent in 4 if and
only if they have the same image under the covering of resG.u/ onto G.U4.3/:22/. For every
element u of type 4 incident to x2 there are exactly two edges incident to u and adjacent to
x2 in 4. Since there are 7 elements of type 4 incident to x2, the valency of 4 is at most 14.
LEMMA 5.10. In the above notation the following assertions hold:
(i) 4 is a disjoint union of complete subgraphs of valency 14;
(ii) if Q is the setwise stabilizer in G of the connected component of 4 containing x2, then
Q  [2a]:.Alt8 Sym3/ where a D 14 or 15 and Q \M is the full preimage in M of the
stabilizer in M=O2.M/ of an octad.
PROOF. By the structure of M we see that the stabilizer M2 of x2 in M contains O2.M/ and
stabilizes a unique octad O in the Steiner system S.5; 8; 24/ acted on by M=O2.M/. Let T
Exceptional Extended Dual Polar Spaces 875
be the preimage in M of the full stabilizer of O in M=O2.M/. Then T=O2.M/ D 24 : Alt8;
T contains M2 with index 15 and T acts doubly transitively on the set of cosets of M2 in T .
This means that the orbit 2 of x2 under T is of length 15 and the action of T on this orbit
is doubly transitive. Let Z be a Sylow 3-subgroup in O2;3.M4/ D O2;3.G4/. It follows from
the basic properties of the action of Mat24 on S.5; 8; 24/ that Z 2 T . Hence the pair of edges
incident to x4 and adjacent to x2 in 4 are contained in 2. Since the action of T on 2 is
doubly transitive any two edges from 2 are adjacent in 4 and (i) follows. Let Q be as in (ii).
Then T D Q \ M and since T \ G2 D M2 has index 3 in G2, the index of T in Q is also 3
and (ii) follows. 2
Let F0 be a geometry of rank 2 whose elements of type 1 and 2 are the cosets of M and Q
in G, respectively with the incidence relation via non-empty intersection. Then by Lemma 5.10
the set of elements of type 2 incident to M are indexed by the octads of S.5; 8; 24/ and every
element of type 2 in F0 is incident to exactly three elements of type 1. Let 3 be the set of
all elements of F0 which are images under G4 of the pair fM; Qg. It is clear that K4 D R4
fixes 3 elementwise and that NG4 acts on 3 as it acts on the set of elements of type 1 and 2 in
the geometry K defined before Lemma 3.8. Let F be a geometry of rank 3 whose elements
of type 1 and 2 are as in F0 and whose elements of type 3 are all the images under G of the
subgeometry Y with the natural incidence relation. Then by Lemma 3.8(vi) the residue in F
of an element of type 3 is isomorphic to D.U4.2//. This means that the diagram of F is as of
H.Fi24/. It is clear that the action of G on F is flag-transitive and we can apply Lemma 3.15.
If G D Fi24 or Fi 024 then G4 is the centralizer in G of a central involution and resG.x4/
possesses a unique representation in O2.G4/=Z.G4/ D 212. Hence there are elementary abelian
subgroups Vi in O2.G4/ such that Gi4 D NG4.Vi / for 1  i  3. Here V1  V2  V3 and
dim Vi D 7; 3; 2 for i D 1; 2; 3, respectively. Moreover, G1 D NG.CG4.V1// and Gi D
NG.Vi / for i D 2 and 3. Hence G D G2;4.Fi24/.
If G D 3  Fi24 or 3  Fi 024 then G4 must map isomorphically onto the centralizer of a central
involution in G=O3.G/. But as one can see inside the Monster group the full preimage in G
of a central involution from G=O3.G/ does not split over O3.G/. Hence this case does not
correspond to an EDPS.
5.3. No extensions of G2;4.Fi24/. In this section we make another step towards the classifi-
cation of the EDPSs of characteristic 2 by proving the following.
LEMMA 5.11. The geometry G2;4.Fi24/ is not a residue in a flag-transitive EDPS of rank 5.
PROOF. Suppose to the contrary that G is an EDPS of rank 5 such that resG.x5/ D G2;4.Fi24/
and that G is a flag-transitive automorphism group of G. Then the diagram of G is
1
 c
4

2

2

2

and resG.x1/ D D.−10.2//. By Lemma 5.1 K1 D 1 and hence G1 D −10.2/ or O−10.2/. By
the order reason and from the structure of NG12 we see that G5 D Fi 024 or Fi24, respectively.
Notice that the hypothetical geometry G and the locally truncated EDPS of Fi24 in [11] have
the same local structure with respect to a vertex, so one should not expect a contradiction to
be found immediately.
By Table 2 O2.G2=R2/ D L4.2/  Z3. Let C2 be a subgroup of index 3 in G2, so that
C2=O2.C2/ D L4.2/. In this case C2 \ G3 stabilizes a partition f of 0[x3] into three pairs
(compare Lemma 5.8). Let C3 be the full stabilizer of f in G3, so that C3=O2.C3/ D
Sym3L3.2/ and jC3=.C3 \ C2/j D 3. Let C4 be the full preimage in G4 of the subgroup L
in NG−4 as in Lemma 3.8 (notice that NG−4 D 3 U4.3/:22 or 3 U4.3/:.22/122). We assume that
0[x3] is contained in the orbit 1 of length 90 of L on 0[x4] and that each of the pairs in f is
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an orbit of O2.L/ on 1. Then C4=O2.C4/ D 3  Sym6 Sym3 and jC4=.C4 \ Ci /j D 45 for
i D 1 and 2. Finally let C5 be the subgroup in C5 generated by C5 \ Ci for i D 2; 3 and 4.
Then C5 coincides with the subgroup M as in the proof of Lemma 5.9; C5=O2.C5/ D Mat24.
Moreover, C5 acts on the cosets of C5 \ Ci as Mat24 acts on set of corresponding elements
of its tilde geometry and O2.C5/ is either the 12-dimensional Todd module W12 or its 11-
dimensional irreducible submodule W11. Let C be the subgroup in G generated by Ci for
i D 2; 3; 4 and 5. Let C be the geometry of rank 4 whose elements of type i are the cosets
of Ci in C and two such cosets are incident if their intersection is non-empty. The above
information on the Ci and their intersections show that C is a tilde geometry of 4 with the
diagram
2
 
2

2

2

and C acts flag-transitively on C. The residue of an element of type 4 is the geometry of
Mat24. Hence by the classification of the flag-transitive tilde geometries [15] C is the geometry
of the first Conway group and C=O2.C/ D Co1. The latter means that O2.C4/=O2.C/ is the
irreducible Golay code module for C4=O2.C4/ D Mat24. This contradicts the above established
structure of O2.C4/. 2
By Propositions 2.3, 5.6 and Lemma 5.11 we have the following.
COROLLARY 5.12. Let G be a flag-transitive EDPS of rank n  4 such that resG.x4/ is
isomorphic either to G.U4.3/:22/ or to G.3 U4.3/:22/. Then G D G2;4.Fi24/.
5.4. Characterization of affine EDPSs. In this subsection we complete the classification of
flag-transitive EDPSs of characteristic 2. By Lemmas 5.1, 5.11, Propositions 5.2, 5.6 and
Corollary 5.12 we can assume the following (compare Hypothesis 4.1 and Table 1).
HYPOTHESIS 5.13. The following conditions hold:
(i) m  4 and K1 D 1;
(ii) s D 2, i.e. resG.x1/ 2 fD.Sp2m.2//;D.U2m.2//g;
(iii) res−G .x4/ D G.H/ where H =2 fU4.2/:2; Sym8g.
To complete the proof of Proposition 4.2 in the characteristic-2 case it is sufficient to establish
the following.
LEMMA 5.14. Suppose that G and G satisfy Hypothesis 5.13. Then the isomorphism type
of the amalgam C D fG1;G2;G3g is uniquely determined by the isomorphism type of G1.
We start by proving the following.
LEMMA 5.15. NG2 D NG−2  NG12.
PROOF. Since NG−2 D Z2, NG2 contains NG12 with index 2. Since no element in G2 induces the
graph automorphism of NG12, the claim is obvious if G1 D Sp2m.2/, U2m.2/ or U2m.2/: Sym3
and NG12 D Lm.2/, Lm.4/:2 or Lm.4/: Sym3, respectively. The arguments for the remaining two
cases when G1 D U2m.2/ or G1 D U2m.2/:Z3 are similar and we consider the latter possibility.
If NG2 6D NG−2  NG12 then NG2 D P0Lm.4/ while NG12 D PGLm.4/ and an element from G2
induces on resG.x2/ an action which is not contained in PGLm.4/ if and only if it permutes the
pair of vertices incident to x2. This implies that NG23 D P0Lm−1.4/ while NG123 D PGLm−1.4/.
Hence NG−3 D P0Lm−1.4/ while NG−3 D Sym4. Since the latter group has only one subgroup
of index 2, we conclude that an element from G3 induces on resCG .x3/ an action which is not
contained in PGLm−1.4/ if and only if it induces an odd permutation on the vertices incident
to x3. Since such an odd element can be found in G123 this is a contradiction. 2
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LEMMA 5.16. G2 D Z2  G12.
PROOF. By Lemma 5.15 there is an element t 2 G2nG12 whose image in NG2 commutes withNG12. We claim that t is an involution. In fact, since the center of NG12 is trivial, t2 2 K12 D R12.
Since NG12 acts fixed point-freely on R12 we have t2 D 1. By Lemma 3.2(iii) R12 contains a
generating set  of elements on which NG12 acts as on the set of cliques incident to x2. We
claim that there is only one such set. In the unitary case  consists of the Hermitian forms of
rank 1. Suppose that there are at least two such orbits 1 and 2 in the symplectic case. Let
 : 1 ! 2 be the unique bijection which commutes with the action of G12. Then the set of
products !  .!/, ! 2 1 either consists of a unique non-trivial element centralized by NG12
which is impossible or forms an orbit similar to 1 inside the submodule of R12 isomorphic
to the exterior square of the natural module of NG12 (compare Table 2). Since there is no such
orbit in the exterior square module the claim follows. By the uniqueness of  it is stabilized
by t as a whole. Since [t;G12]  R12 and G12 induces on  a doubly transitive action we
conclude that t centralizes every element of  and hence [t; R12] D 1. Finally since m  4 by
Lemma 3.9 either (a) all complements to R12 in G12 are conjugated in G12 and hence t can be
chosen to normalize (and hence to centralize) one of them or (b) m D 4, resG.x1/ D D.Sp8.2//,
G1 D Sp8.2/ and G2 is the unique extension of G12 D 26C4 : L4.2/ by an automorphism
which permutes two classes of complements to O2.G12/. It is clear that in case (a) the result
follows. By Lemma 3.9 and the paragraph after its proof in case (b) the amalgam E D fG1;G2g
is isomorphic to the analogous amalgam corresponding to the flag-transitive action of Fi23 on
G.Fi23/. Let 0 D 0.G/, Q0 be the covering tree of 0 and O0 D 0.G.Fi23//. Then the vertices
and edges of Q0 are the cosets of G1 and G2 in the universal completion of E , in particular Q0
is also the covering tree of O0. Abusing the notation we assume x1 to be a vertex in 0, Q0
and O0 stabilized by G1. Let 2 D 0[x4], Q2 be the full preimage of 2 in Q0 and O2 be the
image of Q2 in O0. Since resG.Fi23/.y/ D G.U4.2/:2/ for an element y of type 4 in G.Fi23/, it
is easy to show that O2 D 0.G.U4.2/:2// and that the stabilizer H1.x1/ in G1 of all the edges
in O2 incident to x1 induces on O2 an action of order 2. This means that H1.x1/ induces an
action of order 2 on 2 as well. By Lemma 3.5 this implies that resG.x4/ is either G.Sym8/ or
G.U4.2/:2/ which contradicts Hypothesis 5.13. 2
PROOF (OF LEMMA 5.14.). We will specify the isomorphism type of the amalgam C D
fG1;G2;G3g by writing down a presentation for its universal completion. By Lemma 5.16
G2 D htiG12 where t2 D 1 and, in particular, the isomorphism type of the amalgam fG1;G2g
is uniquely determined by that of G1. Every edge e in G determines an involution te which is
central in the stabilizer of e in G. Let p D x2, q and r be the edges incident to both x1 and x3.
Then ftp; tq ; tr g are all the images of tp under conjugation by elements from G13. We claim
that tptq tr D 1. Let G03 denote the elementwise stabilizer in G3 of res−G .x3/. By Lemma 5.15
ta 2 CG3.G03/ for a D p, q and r . An element of G3 which induces a non-trivial permutation
on fp; q; rg does not centralize G03 since O2.G.a/ \ G1/ are pairwise different subgroups in
G03 for a D p, q and r . Hence the image of CG3.G03/ in NG−3 D Sym4 is contained in the Klein
fours subgroup. Since tp, tq and tr act non-trivially on resG.x3/, tptq tr 2 G03\CG3.G03/. Since
the center of G03 is trivial the claim follows. Hence we have shown that in order to obtain a
presentation for the universal completion of C from a presentation for the universal completion
of fG1;G2g one must adjoin a single relation tptq tr D 1 where ftp; tq ; tr g are all the images
of t D tp under conjugation by elements from G13. Since up to conjugation there is a unique
way to choose G12 and G13 inside G1, the result follows. 2
6. EDPSS OF CHARACTERISTIC 3
In this section G is a flag-transitive EDPS of characteristic 3 and until Subsection 6.3 the
rank of G is assumed to be 4. This means that resG.x1/ D D.7.3// or D.−8 .3// and
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resG.x4/ D G.U5.2/:2/ or G.Suz:2/, respectively (compare Lemma 3.5 and Proposition 2.2).
Our goal is to show that in the respective cases G is isomorphic to G3;3.Fi24/ or G.F1/.
6.1. The vertex stabilizer. Let e denote the dimension of the natural module of NG1, i.e. e D 7
or 8. Let Q be the elementwise stabilizer in G of the edges incident to both x1 and x4. Then
by Lemma 3.3 O3.Q/ induces on 0.x1/ an elementary abelian 3-group of rank e− 2 acted on
irreducibly by NG14. On the other hand by Lemma 3.5 and Table 3 O3.Q/ induces an action
of order 3 on the vertices in 0[x4]. In view of Lemma 3.3(iii) this implies the following.
LEMMA 6.1. In the considered situation both K1 and NR4 are non-trivial.
Let L1 D L1.x1/ be the elementwise stabilizer in G of all the vertices whose distance from
x1 in 0 is at most 2.
LEMMA 6.2. K1=L1 is the natural module of NG1.
PROOF. Since the natural module of NG1 is self-dual, by Lemma 6.1 it is sufficient to show
that the dual of K1=L1 supports a NG1-admissible representation of resG.x1/ considered as a
polar (rather than a dual polar) space. First of all by Lemma 3.2(i) K1=L1 acts faithfully on
the set of vertices at distance 2 from x1 which are incident with x1 to a common element of
type 4. By the argument before Lemma 6.1 K1 induces an action of order 3 on the vertex set
of 0[x4]. Hence K1=L1 is elementary abelian and its dual is generated by subgroup of order
3 indexed by the elements of type 4 in resG.x1/. Let y be the vertex other than x1 incident to
x2. Then K1 induces on 0.y/ an action of order 33 which is the exterior square of the natural
module of NG12 D L3.3/ which is also dual to the natural module. Hence the dual of K1=L1
indeed supports a NG1-admissible representation of resG.x1/ and the result follows. 2
Let L4 denote the elementwise stabilizer in R4 of all the elements of type 4 in G which are
incident with x4 to a common element of type 3 so that NR4 D R4=L4. It is easy to see from
Lemma 3.3(iii) that L4 is also the elementwise stabilizer in R4 of all the vertices in 0 which
are adjacent to vertices from 0[x4].
LEMMA 6.3. L1  L4.
PROOF. By Lemma 6.1 NR4 is non-trivial and by Lemmas 5.5 and 3.7 NR4 is an elementary
abelian 3-group of rank 2.e−2/ (that is 10 or 12, respectively). By Lemma 3.3 R4 induces an
action of order 3e−2 on 0.x1/ so that the image of R4 in G1=K1 is of that order. We claim that
R4 \ K1 induces an action of order at least 3e−2 on the set 4 of vertices at distance 2 from x1
and at distance 1 from 0[x4]. We know that K1 induces an action of order 3 on the vertices in
0[x4]. If y is a vertex other than x1 incident to x2, then K1 induces an action of order 33 on
the vertices in 0.y/. Hence K1 \ R4 induces on 4 a non-trivial action. By Lemma 3.3(i) K1,
as a module for G14, is monoserial with composition factors of ranks 1, e − 2 and 1. Hence
the claim follows. Thus we have shown that R4 induces an action of order at least 32.e−2/
on the set of vertices at distance at most 2 from x1 and at distance 1 from 0[x4]. Since this
bound is the order of R4=L4 the result follows. 2
In view of flag-transitivity the above lemma implies that for every element  of type 4 in
resG.x1/ the subgroup L1 fixes every vertex which is either in 0[] or adjacent to a vertex in
0[].
LEMMA 6.4. L1 D 1.
PROOF. Since 0 is connected, it is sufficient to show that for a vertex y 2 0.x1/ the
elementwise stabilizer L1.y/ in G of the vertices at distance at most 2 from x1 in 0 contains
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L1. Let .x1; y; z; u/ be a 3-path in 0. We have to show that u is fixed by L1. If there is an
element of type 4 incident to x1, y and z then the result follows by the paragraph before the
lemma. Clearly L1 is contained in the elementwise stabilizer K1.y/ of the vertices from 0.y/.
By Lemma 3.2(i) the elementwise stabilizer in K1.y/ of all the vertices from 0.z/ incident
with y to a common element of type 4 fixes 0.z/ elementwise. Hence we can assume that there
is an element  of type 4 incident to y, z and u. Clearly L1 fixes every vertex in 0[ ]\0.y/
and if it does not fix 0[ ] elementwise, it induces a fixed point-free action of order 3 on the
vertices in 0[ ] at distance 2 from x1 (cf. Lemma 3.5). Hence it is sufficient to show that L1
fixes at least one vertex in 0[ ] at distance 2 from x1. Since resG.x1/ is a rank-3 dual polar
space, one can find an element  of type 4 incident to x1 and y such that 0[] \ 0[ ] \ 0.y/
contains a vertex, say w. Then every vertex in 0[ ] adjacent to w and at distance 2 from x1
is fixed by L1. 2
Thus by Lemmas 6.2 and 6.4 we have the following two cases:
(a) K1 D 37, 7.3/  NG1  O7.3/ and K1 is the natural module for NG1;
(b) K1 D 38, −8 .3/  NG1  Aut−8 .3/ and K1 is the natural module for NG1.
Notice that in this subsection we never used the finiteness assumption for the Borel subgroup.
By Proposition 2.6 G3;3.Fi24/ is the only flag-transitive EDPS of rank 4 which corresponds
to case (a). We will deal with case (b) in the next subsection.
6.2. Local characterization of the Monster geometry. Let M D fM1;M2;M3;M4g be the
amalgam of maximal parabolics associated with the action of the Monster F1 on G.F1/ where
Mi is the stabilizer of an element of type i , 1  i  4. Then (cf. [3, 24] or [13]) we have the
following:
M1 D 38:−8 .3/:2I M2 D 33C6C8 : .L3.3/ D8 : 2/I
M3 D 32C5C10 : .GL2.3/Mat11/I M4 D 31C12C :2  Suz:2:
In this subsection we show that in case (b) above the amalgam fG1;G2;G3;G4g is isomorphic
toM. Since G.F1/ is simply connected (Proposition 2.7) this is all we need to show that G.F1/
is the only geometry which corresponds to case (b).
We start with the following technical result.
LEMMA 6.5. Let L be the full preimage in M3 of the Mat11-direct factor in M3=O3.M3/ and
N D L=Z.O3.L//. Then the outer automorphism group of N is isomorphic to GL2.3/ D M3=L .
PROOF. Since an element of type 3 in G.F1/ is incident to four elements of type 4, we
have O3.M3/ D O3.M3 \ M4/ where M3 \ M4 D 31C12C :.2 .35:.Mat11  2///. This shows
that Z.O3.L// is of order 9 and that it is generated by the images of Z.M4/ under M3. Put
Q D O3.N /. Then in terms introduced before Lemma 3.12 we have the following (cf. [29]):
Z.Q/ D T 5 ; Q=Z.Q/ D U1  U2 where U1 D U2 D T5 (as modules for N=Q D Mat11);
N splits over Q; for i D 1 and 2 the full preimage Vi of Ui in Q is elementary abelian and
non-decomposable as a module for N=Vi D 35:Mat11. Furthermore, the action of N=Vi on Vi
preserves on the latter a unique non-singular symplectic form fi such that Z.Q/ is a maximal
totally singular. Let A be the outer automorphism group of N . Since T5 is irreducible and
H1.Mat11; T5/ D 0 by Lemma 3.12, in view of Schur’s lemma the action of A on N=Q is
isomorphic to GL2.3/ and there are exactly four images Ui , 1  i  4 of U1 under A. Let
B be the kernel of the action of A on fUi j 1  i  4g. To complete the proof it is sufficient
to show that the order of B is at most 2. By above N=V1 is a subgroup in the stabilizer C of
Z.Q/ in the full symplectic group associated with fi . Since C D 310C5:GL5.3/, it is easy to
see that N=V1 is self-normalized in C up to scalar multiplications. So the result follows. 2
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We have O2.G1/  38:−8 .3/ where K1 D R1 is the natural module for NG1. Let us specify
the structure of G4.
LEMMA 6.6. The following assertions hold:
(i) R4 is extraspecial of the form 31C12C ;
(ii) jK4=R4j D 2 and an involution from K4 n R4 acts fixed point-freely on NR4 D R4=L4 D
R4=Z.R4/;
(iii) O2.G4/=O3.G4/ is a non-split extension of Suz by a center of order 2;
(iv) G4=K4 D Aut Suz.
PROOF. Since K1 is the natural module of NG1, G14 is the normalizer in G1 of an isotropic
one-dimensional subspace h in R1. Let F D O2.G1/\G14. Then F  31C6C1:36:2 −6 .3/:2.
By the proof of Lemma 6.3 L4 D h and NR4 is irreducible 12-dimensional. By Lemma 3.3
h D Z.O3.F// and (i) follows. Since O2.F=O3.F// is a non-split extension of −6 .3/
by a center of order 2 and such an extension is not involved in O2. NG4/ D Suz, we have
jK4=R4j D 2. By Lemma 3.3(ii) an involution from K4 n R4 acts fixed point-freely on
h?=h D .R1 \ R4/=h and on O3.F/=R1 and hence also on NR4. The group Suz does not have
a 12-dimensional GF.3/-representation while 2 Suz does and (iii) follows. Finally F 6D CF .h/
and hence G4 has a subgroup of index 2, namely CG4.h/. This implies that NG4 has a subgroup
of index 2 and we have (iv) since Aut Suz is the automorphism group of G.Suz:2/. 2
LEMMA 6.7. G4=h is the semidirect product of the elementary abelian 3-group of rank 12
supporting the unique admissible representation of G.Suz:2/ and the full preimage 2  Suz:2 of
AutG.Suz:2/ in GL12.3/.
PROOF. Since R4=h is the vector space supporting the unique NG4-admissible representation
of resG.x4/ D G.Suz:2/, the action of NG4 on the projective space associated with R4=h is
uniquely specified. Since G4=h is the full preimage of this action in the corresponding affine
group, the result follows. 2
Let z be an involution from O3;2.G4/. To specify the isomorphism type of G4 we have to
decide whether or not CG4.z/ splits over h.
LEMMA 6.8. CG4.z/ does not split over h.
PROOF. We use results and constructions from [12] and [13]. Since CG4.z/R4 D G4, the
action of CG4.z/ on the set of elements of type 3 incident to x4 is transitive. Since z acts fixed
point-freely on R4=h, for every element  of type 3 incident to x4 there is a unique element
 of type 4 incident to  such that  is stabilized by z and  6D x4. Let G./ be the stabilizer
of  in G. Then by the above
CG4\G./.z/=h D G34=R4 D 35:.Mat11  2/:
The structure of G4=h specified by Lemma 6.7 implies that z 2 G./ n O2.G.// and
CG./.z/ D 36:2 Mat12:
By Lemma 4.2 in [13] Q :D O3.CG./.z// is non-decomposable as a module for CG4\G./.z/=Q.
Hence CG4\G./.z/ does not split over h and the result follows. 2
LEMMA 6.9. Consider G4 as an abstract group. Put R4 D O3.G4/, K4 D O2;3.G4/,
L4 D h D Z.R4/ and let z be an involution from O3;2.G4/. Then the conditions in Lemmas 6.6,
6.7 and 6.8 specify the isomorphism type of G4 up to at most two possibilities.
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PROOF. Let H D O2.G4=h/. By Lemma 6.7 the isomorphism type of H is uniquely
determined and H D 312 : 2  Suz. By Lemma 6.6 O2.G4/ is a perfect central extension of H
by a group of order 3. Let QH be the largest perfect central extension of H by an elementary
abelian 3-group Y . We claim that Y is of order 9. Let Y1 be the commutator subgroup of
O3. QH/. Analysing the orbit lengths of H=O3.H/ on O3.H/ (cf. [29]) it is easy to see that
up to a scalar multiple there is unique non-zero invariant symplectic form on O3.H/, hence
jY1j  3. Every complement to O3.H/ in H is the centralizer of a Sylow 2-subgroup in
O3;2.H/. Hence all complements are conjugated, the first cohomology group of O3.H/ is
trivial and O3. QH/=Y1 contains an invariant complement Q. Then QH=Q is a perfect central
extension of 2  Suz by an elementary abelian 3-group. Since the Schur multiplier of Suz is
of order 6 we have jY=Y1j  3 and hence jY j  9. Let ’1 and ’2 be homomorphisms onto
2  Suz, respectively of O2.M4/ and of 6  Suz (the perfect central extension of Suz by its
Schur multiplier). Define OH to be the subgroup in O2.M4/  6  Suz consisting of the pairs
.a; b/ with ’1.a/ D ’2.b/. Then it is easy to see that OH is a perfect central extension of H
by a group of order 9. Hence jY j D 9 and the claim follows. Considering QH as the subdirect
product OH we observe that Y contains four subgroups Yi , 1  i  4 of order 3, where Y1 is
the center of O2.M4/ (and also the commutator subgroup of O3. QH/), Y2 is in the center of
6  Suz and Y3, Y4 are two diagonals. It is easy to see using the subdirect product construction
that every element t 2 .G4=h/ n O2.G4=h/ can be uniquely realized as an automorphism 
of QH . Let H be the extension of QH by such an automorphism  . Thus we have shown
that G4 is isomorphic to Hi :D H=Yi for some 1  i  4. Notice that O3.H1/ is abelian
which contradicts Lemma 6.6(i) while H2 contains 2  Suz:2 as a subgroup which contradicts
Lemma 6.8. Hence we are left with two possibilities H3 and H4. 2
LEMMA 6.10. The isomorphism type of G4 is uniquely determined.
PROOF. Suppose to the contrary that M4 D H3 and G4 D H4. Let X be the full preimage
in H of M4 \ M3 which is also the full preimage in H of G4 \G3. Let NX D O2.X/. ThenNX D 33C5C10:Mat11 and NX is a perfect central extension of the group N as in Lemma 6.5 by
an elementary abelian 3-group. Let QX be the largest perfect extension of N by an elementary
abelian 3-group and let  denote the natural homomorphism of QX onto NX . Let QA be the outer
automorphism group of QX . By Lemma 6.5 QA induces GL2.3/ on QX=Z. QX/ D N and since QX
is perfect, the kernel of the action of QA on Z. QX/ contains the kernel of its action on QX=Z. QX/.
By our assumptions −1.Y3/ and −1.Y4/ are contained in proper QA-submodules inside Z. QX/.
Since −1.Y3/ \ −1.Y4/ is of index 3 in −1.Y3/ and M4=L D GL2.3/ acts irreducibly on
Z. QX/−1.Y3/ D 32, this is impossible. 2
Let us turn to the structure of other parabolic subgroups.
LEMMA 6.11. The isomorphism type of G1 is uniquely determined.
PROOF. We know that O2. NG1/ D 1, O2. NG1/ D −8 .3/ and K1 D R1 is the natural module
for the latter group. By Lemma 6.6 and the order reason j NG1=O2. NG1/j D 2. Recall that
there are exactly three isomorphism types of groups F such that O2.F/ D 1, jF=O2.F/j D 2
and O2.F/ D −8 .3/. These types are characterized as follows: when F acts naturally on
D.−8 .3// the stabilizer of a line l induces on the set of points incident to l the group Sym6,
PGL2.9/ or Mat10, respectively. Since the stabilizer in G of a clique q induces Mat11 on
the set of vertices and edges incident to q, the isomorphism type of NG1 corresponds to the
latter possibility. Thus the isomorphism type of G1 is specified up to the type of extension of
K1 D 38 by NG1. The intersection G14 is determined up to conjugation as a subgroup of G4
and it contains a Sylow 3-subgroup of G1. Hence the type of the extension is specified by the
isomorphism type of G14 (Gaschu¨tz theorem). 2
LEMMA 6.12. The isomorphism type of the amalgam fG1;G4g is uniquely determined.
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PROOF. Lemmas 6.10 and 6.11 determine the isomorphism type of G1 and G4. In addition
it is easy to locate G14 inside G1 and G4. Thus to prove the lemma it is sufficient to show
that Out G14 D 1. Considering G14 as a subgroup in G4 we have G14  31C12C :.2  3/ 
U4.3/:.22/133. Let Z be a Sylow 2-subgroup in O3;2.G14/. Then independently of the choice
of Z we have R4 D [O3.G14/; Z ] so that R4 is characteristic in G14. Considering G14 as a
subgroup in G1 we have G14  38:36:2  U4.3/:.22/133 and one can observe that R1 is the
centralizer in O3.G14/ of the commutator subgroup of O3.G14/ so that R1 is characteristic in
G14. Let  be an automorphism of G14. Without loss of generality we assume that  centralizes
Z . On the other hand C :D CG14.Z/  .2 32/ U4.3/:.22/133 and every automorphism of C
which normalizes Z.R4/ (contained in O3.C/) is inner. So we assume that  centralizes
C . As a module for C=O3.C/ we have R D R11  R21 where R11 D O3.C/ D CR1.Z/ and
R21 D [R1; Z ]. Notice that C=O3.C/ acts irreducibly on R21 and Z acts on R21 as a scalar.
Hence, multiplying  by the inner automorphism induced by an element from Z we can assume
that  centralizes R1. Since G14=R1 acts faithfully on R1 we see that  centralizes G14=R1.
Now one can see that the only way  could acts is via conjugation by an element from O3.C/.
Thus modulo inner automorphisms  is trivial. 2
LEMMA 6.13. The isomorphism type of the amalgam fG1;G3;G4g is uniquely determined.
PROOF. By Lemma 6.12 the amalgam fG1;G4g is isomorphic to fM1;M4g and hence the
amalgam fG13;G34g is isomorphic to the corresponding subamalgam in the Monster. We
have M3  32C5C10:.GL2.3/ Mat11/. This implies that G13=R3 D .GL2.3/ Mat10/ and
G34=R3 D .2  Sym3Mat11/. So if Q3 denotes the largest subgroup in G134 normal both
in G13 and in G34 then Q3 is the full preimage in G134 of the center (of order 2) of G134=R3.
Notice that the center of Q3 is trivial and both G13 and G34 map isomorphically into the
automorphism group of Q3. Let A be the subgroup in Aut Q3 generated by G13 and G34. It
follows from Lemma 6.5 that A= Inn Q3 D Sym4Mat11. This means the following. Let K
be the kernel of the homomorphism onto G3 of the universal completion U of the amalgam
fG13;G34g, then K D CU .Q3/ and the result follows. 2
PROPOSITION 6.14. Let G acts flag-transitively on an EDPS G with the diagram
1
 c
9

3

3

Then G D F1 (the Monster group) and G D G.F1/.
PROOF. By Lemma 6.13 the amalgam fG1;G3;G4g is isomorphic to the amalgam fM1;M3;M4g
of parabolics in the Monster. It was proved in [13] that G.F1/ is simply connected, which
means that F1 is the only completion of M. Since the residue of an element of the second
type is simply connected, the same is true for the amalgam fM1;M3;M4g. 2
6.3. No EDPSs of rank 5 in characteristic 3. In view of the results proved in the previous
subsection in order to complete the classification of the flag-transitive EDPSs in characteristic 3
we have to show that neither G3;3.Fi24/ nor G.F1/ appear as residues in flag-transitive EDPSs
of rank 5. A crucial role in the proof of this fact will be played by the following.
LEMMA 6.15. Let G D G3;3.Fi24/ or G.F1/. Then G has no admissible representations.
PROOF. Since there is a subgeometry H in G.F1/ isomorphic to G3;3.Fi24/ and the action
induced on H by the full stabilizer of H in F1 is isomorphic to Fi24, it is sufficient to consider
the case G D G3;3.Fi24/. Suppose to the contrary that V is a GF.3/-vector space supporting
an admissible representation ’ of G. For an element  of G let V ./ denote the subspace in V
generated by ’.x/ for all points (elements of type 4) incident to . For a point x and an integer
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i let Vi .x/ denote the subspace in V generated by ’.y/ for all points y whose distance from x
in 0 is less than or equal to i . Then V1.x4/=V0.x4/ supports a NG4-admissible representation of
resG.x4/ D G.U5.2/:2/. By Lemma 3.7 this quotient is 10-dimensional irreducible isomorphic
to R4=Z.R4/. We consider V2.x4/=V1.x4/ and its submodules. Let  be an element of type
1 incident to x4. If the elements of type 4, 3 and 2 in resG./ are considered as points, lines
and planes, respectively then this residue is identified with P.7.3//. Hence by Lemma 3.4
V ./ is the seven-dimensional natural module of NG1 and the codimension of V ./\V1.x4/ in
V ./ is at most 1. Moreover, the inclusion V ./  V1.x4/ is impossible since V1.x4/=V0.x4/
restricted to NG14 D O5.3/ contains two irreducible five-dimensional factors (cf. [16]). Hence
the image of V ./ in V2.x4/=V1.x4/ is one-dimensional. Let W denote the submodule in
V2.x4/=V1.x4/ generated by the images of V ./ for all elements  of type 1 incident to x4.
Then W is generated by one-dimensional subspaces w./ indexed by the elements  of type 1
in resG.x4/. Consider W as a GF.3/-module for H :D O2. NG4/ D U5.2/. Then the stabilizer
H./ of  in H is isomorphic to 3  5.3/. Since H./ has no subgroups of index 2, it
centralizes V ./V1.x4/=V1.x4/ and W is a quotient of the GF.3/ permutational module U
which corresponds to the action of H on the set of elements of type 1 in resG.x4/. Let us find
out which elements of U are in the kernel of the natural homomorphism of U onto W .
It follows directly from the diagram of G that there are exactly five elements, say 1; : : : ; 5
of type 1 incident to x3. We claim that X :D hw.1/; : : : ; w.5/i is four-dimensional. Let y
be an element of type 4 other than x4 incident to x3. Then i is incident to y and V .i / 
V1.x4/V1.y/ for 1  i  5. Hence the dimension of X can be calculated inside the known
10-dimensional module V1.y/=V0.y/. We will carry out this calculations in an indirect way.
It is by the definition that every element  2 G can be identified with a subgroup  ./ in
G D AutG D Fi24 so that if  is of type i then dim ./ D 7; 3; 2 and 1 for i D 1; 2; 3 and 4,
respectively. The incidence relation is via inclusion. This means that  7!  ./ determines a
non-abelian representation of G inside G. Let the subgroups G./ and Gi .x4/ be determined
analogously to the subspaces V ./ and Vi .x4/ in V . Then G.x1/ D V .x1/ as GF.3/-modules
for NG1; G1.x4/=G0.x4/ D V1.x4/=V0.x4/ as modules for NG4 and G./ normalizes G1.x4/ for
an element  of type 1 incident to x4. This shows that we can calculate the dimension of X
inside G. Since the G.i / are contained in G1.x4/G1.y/ and G0.y/  G1.x4/, X can be
identified with a subgroup in R13=R1. Since the latter group is elementary abelian of order 34
the claim follows. In the permutational module U of H the preimages of w.i / generate
the five-dimensional permutational module of G13=R13 D Sym5. The latter module has a
unique one-dimensional submodule which is the diagonal. By Lemma 3.13 this diagonal is not
contained in a proper H -submodule of U . This is a contradiction to the starting assumption
on the existence of V . 2
The geometry G.F1/ possesses a non-abelian representation in F1 and G3;3.Fi24/ possesses
such a representation in 3  Fi24 (as well as in Fi24). It looks like a natural question to ask
whether or not these representations are universal in the obvious sense.
PROPOSITION 6.16. No flag-transitive EDPS of rank 5 has G.F1/ or G3;3.Fi24/ as a residue.
PROOF. Suppose to the contrary that G is a geometry with the following diagram
1
 c
s

3

3

3

where s D 3 or 9 and that G is a flag-transitive automorphism group of G. Let H be the
elementwise stabilizer in G1 of all the edges incident to both x1 and x4. Then by Lemma 3.5
H induces an action of order 3 on 0[x4]. On the other hand H acts on 0.x1/ as a maximal
parabolic of an extension by outer automorphisms of 9.3/ or −10.3/ and it is easy to see
that this action does not have a factor group of order 3. Hence K1 6D 1.
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Let F be the elementwise stabilizer in G1 of all the edges incident to both x1 and x5. Then
the actions of O3.F/ on both 0[x5] and 0.x1/ are isomorphic to the natural module of NG5
(cf. Lemmas 3.3 and 6.2). Suppose that K5  K1. Then by the order reason K1  K5 and by
the flag-transitivity K1 fixes elementwise 0[] for every element  of type 5 incident to x1. In
this case K1 D 1 by Lemma 3.2(i) which is impossible by the above paragraph.
Thus R5 D O3.K5/ acts non-trivially on 0.x1/. By Lemma 3.3 this implies that NR5 6D 1
and by Lemma 5.5 the dual of NR5 supports a NG5-admissible representation of resG.x5/, a
contradiction to Lemma 6.15. 2
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